In this paper, the positive filtering problem is addressed for positive Takagi-Sugeno (T-S) fuzzy systems under the ℓ 1 -induced performance. To estimate the output of positive T-S fuzzy systems, error-bounding positive filters are constructed. A new performance characterization is first established to guarantee the asymptotic stability of the filtering error system with the ℓ 1 -induced performance. Moreover, sufficient conditions expressed by linear programming problems are derived to design the required filters. Finally, a numerical example is presented to show the effectiveness of the derived theoretical results.
Introduction
Positive systems can be found in different application fields such as physical, engineering and social sciences [1] , [2] . The variables of positive systems are non-negative because they denote the concentrations or amounts of material in application fields. Positive systems have special structures and possess many unique features. Therefore, many new problems appear and some previous approach used for general systems are no longer applicable to positive systems. In recent years, such systems have been studied in the literature [3] , [4] , [5] , [6] . For example, for a given transfer function, a positive state-space representation has been proposed in [7] . The state-feedback controller has been designed and moreover the controller synthesis results have been expressed by the linear matrix inequality (LMI) problems and the linear programming problems in [8] and [9] . The problem of controllability and reachability has been investigated for positive systems in [10] , [11] and [12] . Stability analysis results for compartmental dynamic systems has been presented in [13] , [14] . Positive observer has been designed for positive systems in [15] . In [16] , [17] , the model reduction problem for positive systems has been solved. In addition, the analysis and synthesis problems for some special positive systems have been addressed, like positive systems with time delays [18] , [19] and 2-D positive systems [5] , [20] .
We note that existing research has been conducted mainly for positive linear systems and actually nonlinearities commonly exist in many practical systems. Nonlinearity is difficult to tackle and some results derived for linear positive systems cannot be directly used for nonlinear positive systems. A nonlinear system can be approximated by the T-S fuzzy model, which provides an efficient method to tackle some problems for nonlinear systems [21] , [22] , [23] , [24] . Through the modeling approach, nonlinear systems can be transformed into a framework composed of subsystems. As a result, some research approaches applicable to linear systems can be used for nonlinear systems. Recently many authors have focused their interest on positive T-S fuzzy systems [25] .
On the other hand, it is noted that previous approaches derived for the filtering problem of general systems cannot be directly used for positive systems. The reason lies in that these approaches cannot guarantee the positivity of the filter. The constraint that the filter should be positive makes the filtering problem for positive systems more complicated and cannot be easily tackled with existing approaches. It should be mentioned that in [26] , a positivity preserved filter is designed for positive systems. Nevertheless, the design of positivity preserved filter for positive systems is still a open problem and remains challenging. In addition, most of the existing results about positive systems were derived with the quadratic Lyapunov function and correspondingly many results are treated under the LMI framework [27] . In recent years, many researchers derived some results based on the linear Lyapunov function [1] , [9] , [28] , [29] , [30] , [31] , [32] , [33] , [34] . By using a linear Lyapunov function, a new approach is proposed to investigate the filtering problem for positive systems.
In this paper, the problem of ℓ 1 -induced filtering is investigated for positive T-S fuzzy systems and the positivity is preserved in the filters. More specifically, a pair of ℓ 1 -induced fuzzy positive filters is first proposed such that the output of positive T-S fuzzy systems is estimated. Then, we establish sufficient conditions to design the desired positive filters. It should be noted that the results are expressed by linear programming problems.
The rest of this paper is organized as follows. Some important preliminaries and the problem formulation part are introduced in Section 2. In Section 3, the positive filter design procedure is proposed for positive T-S fuzzy systems. An example is provided in Section 4 to show the application of the theoretical results. The results are finally concluded in Section 5.
Notation: Let R denote the set of real numbers; R n is the n-column real vectors; R n×m denotes the set of all real matrices of dimension n × m. 
The space of all vector-valued functions defined on R n + with finite ℓ 1 norm is denoted by ℓ 1 (R n + ). If the dimensions of matrices are not explicitly stated, it is assumed that the matrices have compatible dimensions for algebraic operations.
Problem Formulation
Consider the following fuzzy system described by the ith rule as follows:
where x(k) ∈ R n , w(k) ∈ R m and y(k) ∈ R q denote the system state, disturbance input and output, respectively. i = 1, 2, . . . , r, is the number of rules and
. . , r; e = 1, 2, . . . , g) represents the fuzzy sets. Then, we have the final fuzzy system:
where
and
Here, the following definition is given, which will be used in the sequel.
Definition 1 System (2) is a discrete-time positive system if for all x(0) ≥≥ 0 and input w(k)
Next, some useful results are introduced.
Lemma 1 ([25]) The discrete-time system (2) is positive if and only if
A i ≥≥ 0, B wi ≥≥ 0, C i ≥≥ 0, D wi ≥≥ 0, i = 1, 2, . . . , r.
Proposition 1 System (2) with input w(k) = 0 is asymptotically stable if there exists a vector
where i, j = 1, 2, . . . , r.
Proof: Consider the linear Lyapunov function
From (3), ∆V (x(k)) < 0 holds and therefore system (2) is asymptotically stable. Then, the definition of ℓ 1 -induced performance is introduced. We say that a stable positive system (2) has ℓ 1 -induced performance at the level γ if, under zero initial conditions,
where γ > 0 is a given scalar. In the following, we consider the stable fuzzy system:
and z(k) ∈ R q denote the state vector, disturbance signal, measurement and the signal to be determined, respectively. System (8) is positive if for all x(0) ≥≥ 0 and
It is noted that we cannot obtain the information of the transient output by designing conventional filters, since they only give an estimate of the output asymptotically. To design a filter which can be used to estimate the output at all times, we intend to find a lower-bounding estimatež(k) and an upper-bounding oneẑ(k). With the two estimates, the signal z(k) can be encapsulated at all times. In the following, a pair of filters is proposed as follows:
and (8) and (9), we have the augmented system as follows:
The filter (9) is designed to approximate z(k) withž(k). Consequently, the estimatež(k) is required to be positive, which implies that the filter (9) is supposed to be a positive system. From Lemma 1, we see that that A f i ≥≥ 0, B f i ≥≥ 0 and C f i ≥≥ 0 are needed. In the following, the fuzzy positive lower-bounding filtering (FPLF) problem is formulated.
Fuzzy Positive Lower-bounding Filtering (FPLF):
Given a stable fuzzy positive system (8) , find a fuzzy positive filter (9) with A f i ≥≥ 0, B f i ≥≥ 0 and C f i ≥≥ 0 such that the filtering error system (11) 
Similarly, one may definex
, the filtering error system is formulated as follows:
Next, the fuzzy positive upper-bounding filtering (FPUF) problem is established. 
Main Results
In this section, a pair of fuzzy positive error-bounding filters is designed to bound the signal z(k) with the ℓ 1 -induced performance. First, the performance characterization is established for system (2) . Then, we present sufficient conditions for the design of lower-bounding filter. Finally, we obtain parallel results for upper-bounding case. The following result is first derived to serve as a characterization on the asymptotic stability of system (2) with the ℓ 1 -induced performance in (7).
Lemma 2 The fuzzy positive system (2) is asymptotically stable and satisfies ∥y∥ ℓ 1 < γ∥w∥ ℓ 1 if there exists a vector p i ≥≥ 0 satisfying
Proof: First, we assume that x(k) ≡ 0. From (13), system (2) is asymptotically stable. Moreover, when
holds and from (14), we have ∥y∥ ℓ 1 < γ∥w∥ ℓ 1 .
Then, we assume that there exists a k such that x(k) ̸ = 0. From (13) and Proposition 1, system (2) is asymptotically stable.
Consider the Lyapunov function
x(k) and the following equations hold.
) .
where ε > 0 is sufficiently small such that (13) and (14), we have the inequality
Then, the following inequality holds
Due to the asymptotical stability of system (2), when s → ∞ we have
which implies
The whole proof is completed. The stability characterization of the lower-bounding augmented system (11) is proposed as follows.
Lemma 3 System (11) is asymptotically stable if there exists a vector
where i, j, t = 1, 2, . . . , r.
Proof: Consider the Lyapunov function
From (17), we have ∆V (ξ(k)) < 0. Therefore, system (11) is asymptotically stable. Next, the performance characterization result of lower-bounding filtering error system (11) is provided. (11) is asymptotically stable and satisfies ∥ě∥ ℓ 1 < γ l ∥w∥ ℓ 1 if there exists a vector p i ≥≥ 0 satisfying
Theorem 1 The filtering error system
Based on the performance characterization, the following theorem is presented to design the desired lower-bounding filter.
Theorem 2 Given a stable fuzzy discrete-time positive system (8), a lower-bounding filter (9) exists such that the filtering error system (11) is positive, asymptotically stable and satisfies
where i, j, t = 1, 2, . . . , r; g, v = 1, . . . , n; s = 1, . . . , m. Moreover, a suitable set of A f i and B f i is given by
Proof: Note that p 2i ≥≥ 0, it follows from (23), (24) and (31) that A f i ≥≥ 0 and B f i ≥≥ 0. Together with C f i ≥≥ 0, it implies that the fuzzy lower-bounding filter (9) is positive. From (31) and p 2i ≥≥ 0, (26)- (27) become
which indicates that
Together with A f i ≥≥ 0, B f i ≥≥ 0, C f i ≥≥ 0 and (25), from (12), it shows that the filtering error system (11) is positive. Then, from (31), we have
With (34), inequalities (28)- (30) equal to
. Therefore, by Theorem 1, the whole proof is completed. For the upper-bounding case, the parallel result is presented as follows.
Theorem 3
The filtering error system in (12) is asymptotically stable and satisfies ∥ê∥ ℓ 1 < γ u ∥w∥ ℓ 1 if there exists a vector p i ≥≥ 0 satisfying
Similarly as for the lower-bounding case, the following theorem is introduced to design the upper-bounding filter and the proof is omitted here.
Theorem 4
Given a stable fuzzy discrete-time positive system (8) , an upper-bounding filter (10) 
Illustrative Example
An illustrative example is presented in the following to demonstrate the effectiveness of the theoretical results. Consider system (8) with the system matrices:
The fuzzy model for the nonlinear system is as follows: 
For γ l = 0.5, by solving the conditions in Theorem 2 via Yalmip, a feasible solution is achieved with ] .
In this example, we use the following external disturbance Figure 1 show the output z(k) of the original system, the lower estimatež(k) and the upper estimateẑ(k).
Conclusion
In this paper, the problem of positive filtering for positive T-S fuzzy systems under ℓ 1 performance has been addressed. Novel performance characterization of the filtering error system has been established. Based on the novel characterization, sufficient conditions have been developed for the existence of positive error-bounding filters. Moreover, all the derived conditions are expressed by linear programming problems. Finally, an example has been presented to demonstrate the effectiveness of the proposed approach. 
